WAVEGUIDES COUPLED THROUGH 
A SEMITRANSPARENT BARRIER: 
A BIRMAN-SCHWINGER ANALYSIS 



P. EXNER 

Department of Theoretical Physics, NPI 
Academy of Sciences, 25068 Rez near Prague 
and Doppler Institute, Czech Technical University 
Bfehova 7, 11519 Prague, Czechia 
exner@ujf. cas. cz 

D. KREJCIPJK 

Department of Theoretical Physics Institute, NPI AS, 
Faculty of Mathematics and Physics, Charles University 
V Holesovickach 2, 18000 Prague, Czechia, 
and Faculte des Sciences et Technologies 
Universite de Toulon et du Var 
BP 132, 83957 La Garde Cedex, France 
krejcirik@ujf. cas. cz 



The paper is devoted to a model of a mesoscopic system consisting of a pair of par- 
allel planar waveguides separated by an infinitely thin semitransparent boundary 
modeled by a transverse 5 interaction. We develop the Birman-Schwinger theory 
for the corresponding generalized Schrodinger operator. The spectral properties 
become nontrivial if the barrier coupling is not invariant with respect to longitudi- 
nal translations, in particular, there are bound states if the barrier is locally more 
transparent in the mean and the coupling parameter reaches the same asymptotic 
value in both directions along the guide axis. We derive the weak-coupling expan- 
sion of the ground-state eigenvalue for the cases when the perturbation is small in 
the supremum and the Z 1 -norms. The last named result applies to the situation 
when the support of the leaky part shrinks: the obtained asymptotics differs from 
that of a double guide divided by a pierced Dirichlet barrier. We also derive an 
upper bound on the number of bound states . 
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1 Introduction 

1.1 Motivation 

The recent progress of solid-state physics opened way to testing of quantum 
mechanics in hitherto unusual situations. Many of the "mesoscopic" semi- 
conductor systems can be regarded as electron waveguides in which wave 



2 



di 



-do 



Figure 1: Double waveguide with a 5 barrier 



properties of the particles play an essential role - we refer to ||, |§ for dis- 
cussion of the model assumptions involved and a bibliography. 

An interesting class of such systems is represented by a pair of parallel 
planar guides with a lateral coupling, which is realized either by a "window" 
in a Dirichlet barrier separating the ducts [||, [| or by a local variation of 
the coupling parameter in a leaky, i.e., semitransparent barrier ||. In the 
latter case (sketched in Figure 1) the Hamiltonian is formally given by the 
relation (|1 . 1| ) below, with the barrier supported by the x-axis. The function 
a describes the coupling parameter and the outer boundary of the double 
strip Q := Kx(-d 2 ,rfi) is supposed to be hard, i.e., we impose Dirichlet 
boundary conditions there. 

Depending on the choice of a, such a model describe a variety of differ- 
ent dynamical situations. It is illustrative to consider the case related to 
the example of a pierced-hard-wall discussed in Ref. 0; the comparison be- 
ing based on the fact that the 5 interaction with a large coupling constant 
approximates the Dirichlet barrier. The example of a step-function-shaped 
a analyzed in Refs. || exhibits indeed for large a close similarities in the 
numerically calculated shapes of the eigenfunctions, etc. At the same time, 
asymptotic properties of the eigenvalues may be rather different in the two 
cases if we exclude here the possibility a = oo which expresses formally the 
Dirichlet boundary condition - cf. Remarks 5.7. 



Systems with a 5 potential barrier of the type ( ITT] ) are mathematically 
more accessible, since two operators with different functions a have the same 
form domain. This observation will make it possible to construct a Birman- 
Schwinger-type theory in this case writing down an explicit expression for 
the difference between the resolvent of the Hamiltonian ( |1 . 1| ) and that of a 
suitable comparison operator. The main consequence of this formula which 
we derive in this paper is the weak coupling expansion in the situation when 
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a forms a "potential well", i.e., when the barrier is locally more transparent 
(at least in the mean) and the coupling parameter a(x) reaches the same 
asymptotic value in both directions along the guide axis. 

1.2 Description of the model and contents of the paper 

As we have said, the configuration space of our system is a straight planar 
strip := R xO with O := 2 U d := (-d 2 , 0) U (0, di) in which the free 
motion is restricted by the outer hard walls and a 6 potential barrier at y = 0. 
Its coupling strength a G K. varies longitudinally, a = a(x), so the particle 
Hamiltonian can be formally written as 

H„ = -A% + a(x)S{y). (1.1) 

There are several equivalent ways to give the right-hand-side of ( |1 . 1|) a rig- 
orous meaning. Following f||, Chap. 1.3] this can be done by imposing the 
standard boundary conditions ||. In this paper, however, we use instead 
a quadratic-form definition which is much more general. Such generalized 
Schrodinger operators in M. d with a measure-induced interaction were stud- 
ied in Q. In the next section we shall adapt this theory for the case when the 
free Hamiltonian is the Dirichlet Laplacian relative to a subset Q C To 
make the paper self-contained, we outline the construction from Sec. 2 of 
the mentioned paper with emphasis on the modifications required by the 
presence of the Dirichlet boundary. This concerns mostly Lemma [2.2| whose 
proof in || relies on the explicit form of the free Green's function. 

In Section 3 we shall use this results to formulate the Birman-Schwinger 
theory for the operator (|1.1| ). The basic idea is again adopted from Q, how- 
ever, it suits to our purpose to express the resolvent difference with respect 
to a comparison operator which also has a nonzero a, and to write it in a 
symmetric form. 

The obtained resolvent formula is then employed to investigate the dis- 
crete spectrum of our Hamiltonian which exists if the 5 barrier produces a 
local attractive interaction. Sections 4 and 5 are devoted the weak-coupling 
analysis of our model in two situations: in the first case the interaction is 
tuned by means of a coupling constant, in the second one we use instead a 
scaling transformation with respect to the longitudinal variable. In both sit- 
uations we derive an asymptotic expansion for the ground state eigenvalue. 
In the example which involves the scaling the "potential well" given by the 
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shape of the function a may be deep, the weak coupling being achieved by 
its narrowness. This makes it possible to compare the asymptotics with the 
mentioned Dirichlet case, where the gap is proportional to the fourth power 
of the window width. In contrast, for any "soft" barrier the width appears 
in the leading term of the asymptotics with the square only. 

In the final section we use the Birman-Schwinger technique to derive an 
upper bound on the dimension of the discrete s pectrum. A comparison 
with the "square well" example of || shows that the bound is good for weak 
coupling but its semiclassical behavior is not correct as it is the case for the 
usual Schrodinger operators WM. 



2 Singularly supported interactions on 
a subset of R d 

Let Q be an open subset of M. d . Consider a positive Radon measure m on 
Q, i.e. the abstraction of Lebesgue's outer measure for general topological 
spaces [ITBL Def. 2.3.9], and a Borel measurable function a : M. d — > R such 
that 

\ip(x)\ 2 (l + a(xf) dm{x) < a / | V^(x)\ 2 dx + b / \^(x)\ 2 dx (2.1) 
n Jn Jn 

holds for all ip Co°(^) an d some positive a < 1 and b. As indicated in the 
introduction, we are interested mainly in situation when m is a 5-measure 
supported by a planar curve, but the argument presented below does not 
need such restrictions on the measure or space dimension; it includes also 
the regular potential case, dm(x) = \V(x)\dx. 

By definition, C£°(Q) is dense in the local Sobolev space W^' 1 ^) (cf. fl?| , 
Sec. XIII. 14]), so there is a unique bounded linear operator 

I m : Wo'\n) -> L 2 (m) := L 2 (n,dm) 

such that I m ip — ip is valid for any ip e C£°(Q). The last relation means 
in fact (I m i/j)(x) = if)(x) for x G suppm; with an abuse of notation we shall 
employ the symbol ip for (i) a continuous function ip, (ii) the corresponding 
L 2 (Vl) equivalence class, and finally (Hi) for the corresponding L 2 (il,dm) 
equivalence class. By density, the inequality ( [2.1| ) holds for all ip G Wq' (Q) 
provided if} is replaced by I m ip on the left-hand-side. 
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2.1 The Hamiltonian 



We introduce the following quadratic form 



£ am (ip,<p) := / Vip(x).V(f(x)dx + / a(x) (I m ip)(x) (I m ip)(x) dm(x) (2.2) 
'a Ja 



with the domain D(S am ) = W^ ,:L (0). It is well known |T7|, Sec. XIII. 14] that 
the free form £q is positive and closed on L (f2); it gives rise to the Dirichlet 
Laplacian — A^. By the KLMN theorem [|17| , Thm. X.17] and the extended 
version of inequality (|2.1|) , £ am is lower semibounded and closed on L 2 (il), 
and C£°(Q) is a core for it. Hence by the second representation theorem, 
there is a unique self-adjoint operator H am associated with S am ; it will the 
object of our interest in the following. 

The basic assumption Q2.1| ) is satisfied, in particular, for measures m 
belonging to the generalized Kato class. By |2IJ the inequality ( j2.1| ) holds 



for such m and ifj G «S(R ), and the same is, a fortiori, true for tp G C^°(0) 
corresponding to an open Q C M. d - If d = 2 the Kato condition reads 

lim sup / | In \x — y\\ dm(y) = , (2.3) 

xen JB(x,e)nn 

where B(x,e) is the ball of radius e and center x. It is straightforward 
to check that the condition is satisfied for the 5 measure of our example; 
alternatively one can employ Thm. 4.1 of 0. 

2.2 Auxiliary results 

We will need two lemmas. The first one is abstract and we adopt it from § : 



Lemma 2.1 Let 8 be a lower semibounded densely defined closed quadratic 
form on a complex Hilbert space TC with the inner product (•,-), and let 
H be the unique self-adjoint operator on TC associated with S. Finally, let 
R : TC — > D{£) be an arbitrary map and z G C- Then the following statements 
are equivalent. 

(i) z G p(H) and (H - z)~ l = R. 

(ii) Vip eTC,cp e D(£) : £(RiJ;,<p) = (zRip + fay). 
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Let now Cn,o be the set { k ■ Ini k > or k 2 E [0, inf er(-Ag)) } C C. 
Given A; G Cqq we denote by Go(' ; S k) the free resolvent kernel for z = k 2 
corresponding to the Dirichlet Laplacian — A^>. The main difference with 
respect to || is that for fl ^ M. d the kernel depends on both arguments, not 
just on their difference. 

Let fi, v be positive Radon measures without a discrete component, i.e. 
M{ a }) = z/ ({ a }) = f° r an y a ^ ^- We denote by the integral operator 
from L 2 (fj,) := L 2 (Q,d/j?) to L 2 (v) with the kernel £ro( - > •; fc). In particular, 
we have 

= / G (x,y;k)il>(y)dn(y) (2.4) 



for all V e C L 2 (fi). Since we agreed to the mentioned abuse of 

notation, there is no v in the definition; we compute the right-hand-side and 
interpret it as values of a function in L 2 {v). In the following (• , •) will denote 
the inner product on £ 2 (fl). 

Lemma 2.2 Let k G Cn, and 1> e L 2 (m). Then R k md J) G W 2,1 (fl) and 

G ^(fl) : £o«^, ¥>) - (^ 2 < d ^, <p)= [ $(v)(Im<p)(v)dm(y) 

Jn 

In particular, dx is injective. 

PROOF: If we prove the above relation, the injectivity will follow by density 
of Ran I m in L 2 {m). Assume first k 2 < 0, i.e., k is purely imaginary. Then 

(V^> fc :=£o(V^)-*: 2 ftM (2-5) 

defines an inner product on Wq 2 ' (fl) and the corresponding norm is equiv- 
alent to the usual Sobolev norm (with k 2 = — 1). Take a fixed ip G L 2 (m). 
Using Schwarz inequality and the fact that I m is bounded we infer 

/ ${y){Im¥>){y)dm(y) 
Jn 



< / my)\ 2 dm(y) / \(I m <p)(y)\ 2 dm(y) 
Jn 

< c((p,tp) k 



for any (p G Wg'^fl) and some constant c depending on x/j. Hence the linear 
functional 

cph^ / Tp(y)(I m ip)(y)dm(y) 
Jn 
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on the Hilbert space (Wq (fi), (• , -) k ) is bounded, and by Riesz's lemma, 
there is a unique ip^ G W Q ' (Q) such that 

G Wtf 1 ^) : (Vi* , v) k = I $(y)(I m <p)(y)dm(y). (2.6) 

Jn 

Consequently, it is sufficient to show that 

W> G £ 2 (ft) : (i& 1<fa ^)(x) = / G (x,y; k)ip(y)dm(y) = ij) k m {x) 

Jn 

a.e. with respect to the Lebesgue measure dx. 

If f2 ^ M. d we have in general no explicit expression for the Green's func- 
tion Go(x,y; k) with a given k 2 < 0. We know, however, that it is positive 
for all x, y G fi, x ^ y [17], App. 1 to Sec. XIII. 12], and moreover, that the 
kernel is (ix-integrable if the other variable is fixed (in fact, exponentially 
decaying for a non-compact Q) and 

Vt/GO,^^): / G (x,y;k)(-A n D -k 2 Mx)dx = !f (y). 

Jn 

Functions (p := (— — k 2 )~ l rj with 77 G C£°(Q) are bounded C°° and have 
the same decay as the Green's function for a non-compact Q. 

We shall prove the desired relation in several steps. Suppose first that 
ip G L (m) fl L 2 (m). For 99 of the described class we may employ then the 
Fubini theorem obtaining 

1(1 G (x,y;k)^(y)dm( y ))(-A%-k 2 Mx)dx 
Jn \Jn J 

= J $(y) (J G (y, x- fc)(-A° - k 2 Mx) dx) dm(y) 
$(V)<P(V) dm(y). 

We have used here also the fact that G is real- valued for k 2 < 0. By (|2.6|) 
and the second representation theorem, we have 

/ it(-A%-k 2 )<p(x)dx=(ip k m ^) k = [ $(y)<p(y)dm(y) 
Jn Jn 

for all (p G {-A% - k 2 )- l C™(Q). 
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In the last equality, we have used the fact that I m (p = tp m — a.e. This 
relation is not selfevident because in general <p does not belong to C£°(Q). 
However, one can approximate it by -functions. More specifically, de- 
fine ip n := j n <f, where j n G C^°(fl) such that < j n (x) < 1 for all x G ft 
and j n (x) = 1 for \x\ < n. Since (p n — > (p pointwise dx — a.e. as n — ► oo 
and \(p n \ < \f>\ G W^iVl), it follows by the dominated convergence theorem 
that (p n — > <p in Wq'^Q). From the definition of I m , we get also ImSPn - > I m ^P 
in L 2 (m). Since 7 m y3 n G C^°(0) by construction, we infer that I m (p n = tp n 
holds m — a.e., and therefore I m tp = tp m — a.e. as well. 

Since the set (-Ag - fc 3 ) -1 ^^) is dense in L\to), it follows that 

il>m = Rk m,d^ dx-a.e. 

Now we can mimick the argument of || again: in the next step we consider 
a non- negative tp G L 2 (m) and use a standard approximation argument 
choosing a sequence {ip n }^ =l C L (m) n L 2 {m) such that 

lim ip n = ip and < < ^2 < • • • < m — a.e. 

n— *oo 

Then 

Vy? G Wq 2 ' 1 ^) : (R k m ^ n ,y) k = Jj^y){I m ^){y) dm(y) 
and by the dominated convergence theorem we get 

G Wft 1 ^) : (R k m4 J n ^) -> / $(y)(I m <p)(y)dm(y) = (R k m>dx ^,<f) k 

as n — > 00, i.e., the sequence {fij,^} converges weakly to R k mdx ^ m the 
Hilbert space (W, 2 ' (O), (• , -) fe ). By the diagonal trick |T7|, Sec. 1.5] we may 
thus assume (selecting a subsequence if necessary) that 

R k m ,dx^n -> as n > 00 (2.7) 

strongly in Wq (Q), where ip n := i Yl^i^j- Since Go('> •; &) is nonnegative 
and the sequence {Vv} is nondecreasing again, the monotone convergence 
theorem implies 

V*€«: / WW ,)**)=M(^«(,)<« 
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The relation ( |2.7| ) then gives 

Go{-, V, k)ij)(y) dm(y) = R m4 J) dx-a.e. 



Finally, by linearity the result extends to any ip e L 2 (m). 

It remains to establish the sought identity for an arbitrary k e Cq - To 
this aim, we employ the first resolvent relation which gives 

Rm,dx = Rm,dx + — & )^0^m,dx^ 

where we have denoted R k := R k dx dx . Using repeatedly Lemma [ZTT] we find 

^{Rt^i^-i^R^^^) 

= £ {R k m4 ^^) - {k 2 Rt^i<p) 

+£ ((k 2 - k 2 )RlR k m4x ^<p) - (k 2 (k 2 - k 2 )R k R k m4x ^^) 

= £ «^, ¥>) - (^itf^, V) + - k 2 )R k R k m4x ^, tp) 

+ - fc 2 )^^, ¥>) - {k 2 {k 2 - k 2 )R k R k m4 ^, <p) 

= £ (R k m ^,^-(k 2 R k m ^,<f). | 

2.3 The resolvent 

The above result allows us to write an explicit formula for the resolvent of 
H am and to derive some properties of it. We could just quote the results 
which we shall need in the following, but for the sake of completeness we 
sketch also the proofs which are essentially the same as in ||. 

Proposition 2.3 Let k 6 C^ - Suppose that the operator I + (y-I m R m dx ^ s 
invertible on L 2 {m) and the operator 

R k := i?Q — i2^ da .(/ + aI m R k md:i ) 1 aI m R k 

is defined everywhere in L 2 {VL). Then k 2 6 p(H am ) and (H am — k 2 )~ l = R k . 
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Proof: Take ip G L 2 (Vt) and y? G W 2,1 (fi) = D(£ am ). By assumption, 
the operator R k is defined on L 2 {VL). The free resolvent maps L 2 {VL) into 
Wo' (fl); the same is true for the second term in view of the assumed invert- 
ibility and Lemma [2.2| . Thus G W ' (fl), and by Lemma |2.1| we have 
to check that 

£^(R k il>,<p)-(k 2 B! e iJ>,<p) = (il>,<p) 

holds for all ip,(p from the indicated sets. Dividing the left-hand-side into 
the "free" and "interaction" parts and denoting 

*:=(! + aI m R k m4x )- l aI m R k ^, 

we can rewrite it as 

£o(R&, <p) - (k 2 Rfy, cp) - £ (Rt 4 xX, <p) + (k 2 R k m4xX , <p) 



+ / a(x)(I m R k ifj)(x)(I m (p)(x)dm(x) 
Jn 

The first two pair of terms equal (i>,<p) and — J n x(x)(I m <p)(x) dm(x) by 
Lemma |2.1| and Lemma |2.2| , respectively. Since the relation should hold for 
all (f G Wq' (Tl) we have thus to check that aI m R k tjj = x for any ip G L 2 (tt), 
which follows by a simple algebraic manipulation, 

aI m R k i) = aI m R k tfl) - al m R k mdx x 

= (I + aI m R k mA J)) (I + aI m B^ da> ip)- 1 aI m B^iJ) -aI m R k m4xX = X- I 



As usual the invertibility assumption of the preceding proposition is sat- 
isfied for energies large enough negative. 

Corollary 2.4 There is k > such that || aI m R^ dx \\ < 1 for k > Kq. 

Proof: In view of our basic assumption Q2.1D and the boundedness of the 
operator I m we can choose a < 1 and < b < oo such that 

V^<'(0): / \I mV (x)\ 2 (l + a(x) 2 )dm(x)<a(ip )V ) iKo 
Jn 

where k := \ - and the inner product at the r.h.s. is defined in the proof 



a 

of Lemma |2~2l We denote by S K the unit sphere in (W ' (ft), (■ , ■) iK )- Given 
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k > Kq and if) G L 2 (m), we deduce from the above inequality 



a(x) 2 \(I m R^)(x)\ 2 dm(x) < a«^,<^>, 



< a (K,^, Ki,dJ>) iK = a sup {R^. dx ip, tp) 



In view of Lemma 2.2, the last expression can be rewritten as 



a sup / ip(y)(I m p)(y)dm(y) 

< a / \^ (y)\ 2 dm(y) sup / \(I m <p)(y)\ dm(y) < a 2 / \ip{y)\ 2 dm{y) 
Jn <peS K Jn Jn 
" v ' 

where we have used Schwarz inequality and the assumption fl2.1|) again. Con- 
sequently, ||a/ m .R^; dx || < a holds for all k > k . | 



The resolvent expression of Proposition |2]3| represents a starting point for 
construction of the Birman-Schwinger theory. This will be done in the next 
section for our double-waveguide example. A part of the analysis is an ex- 
pression for the number of eigenvalues of H am which can be derived in the 
present general context. 

Corollary 2.5 dimKer(if am — k 2 ) = dimKer(J + al m R k mdx ) holds for any 

Proof: Suppose first that ip G L 2 {m) satisfies if) + celmR^^tp = 0. By 
Lemma 12.21 we have 



ZaUR^ip, <p) ~ (k 2 R k m4x ijj, if) 



4>(y){Im<p)(y) dm(y) + / a(y)(I m R k n ^)(y)(I m (p)(y)dm(y) = 



for all ip G Wq' (O) = D(S am ). By the second representation theorem, it 
follows that R k m4x ip G D(H am ) and H am R k mdx ip = k 2 R k mdx ip. Since is 
injective by Lemma we get 



dim Ker(J + aI m R k n dx ) < dim Ker(if Qm — k 2 ). 
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On the other hand, let ip G D(H am ) with H am ip = k 2 ip. In view of the above 
argument, it is sufficient to show that if = R^^ip for some if) G L 2 {m) such 
that if) + aI m R k m dx ip = 0. We put if) := —atl m <p; then by Lemma we have 

^(Rt^iX) ~ (k 2 R k m4x ip,x) = - a(x)(I m if)(x)(I m x)(x) dm(x) 

Jn 

for all x £ Wq' (O). Using the second representation theorem again together 
with the assumption H arn ip = k 2 ip we get £ am ((p, x) ~~ (k 2 ip, x) = 0, so 

£oO,x) - (k 2 f,x) 



£ am (<PiX) - (k <p,x) ~ / a(x)(I m ip)(x)(I m x)(x) dm(x) 

Jn 

a(x)(I m ip)(x)(I m x){x) dm(x) 



holds for any x G W^o ' 1 !^)- Comparing the two expressions, we arrive at the 
relation (p = R k mAx >f) which yields ip + aI m R k m dx if) = ip + al m ip = 0. | 



3 BS analysis for the double waveguide 

The core of the classical Birman-Schwinger analysis is a resolvent expression 
containing at the l.h.s. only the free resolvent. If the Schrodinger operator 
in question involves a potential defined via a measure, the free resolvent has 
to be interpreted as an operator between different L 2 spaces. Now we are 



going to derive such a formula for the system described in Sec. 1.2. 



3.1 The basic lemma 

The sought relation is an analogue of 0, Lemma 2.3] valid for Q = M. d . The 
proof of this result employed the explicit form of the resolvent, thus the 
argument had to be modified again. We shall consider the operator H am of 
the previous section in the situation when Q := Rx0 and m is supported 
by the x-axis. Then we have: 

Lemma 3.1 (i) Vfc 6 C^ : I m R k m , dx = R k m , m and I m R k = R k dx m . 

(ii) / + a.R % £ im has a bounded inverse on L 2 {m) for all k > large enough. 

(iii) Assume that I + aR k nm is invertible for k G C^ and the operator 

R k := Rq - R k m4x {I + a-Rm,™)" 1 "-^!,™ 



13 



on L 2 {m) is everywhere defined. Then k 2 G p(H am ) and (H arn — k 2 ) 1 = R k . 
(iv) Vk G C^ i0 : dimKer(# Qm - k 2 ) = dimKer(J + aR k m m ). 

PROOF: Since the assertions (ii)-(iv) are easy consequences of the first 
claim and the above corollaries, it is sufficient to check (i). The free Green's 
function for the strip Q was written down in 0. In particular, we have 

G {x,x;in) = — } sin— (y + d 2 ) sin— (y +d 2 )] 

71=1 



for k > 0, where x := (x, y). We know that Go{x, x'; in) > 0, it is smooth in 
each argument, exponentially decaying as \x — x'\ — > oo and has a logarithmic 
singularity as x' — > x. As in Ref. 0, we need a smooth approximation to 
Go- We employ the fact that 

Gq(x, x'; %k) = —— In \x — x'\ + F(x, x 1 ) , 

where T is a C°° function vanishing when ?/, y' assume the values di,—d 2 . 
We take 

• a strictly increasing C°° function £ : (0, oo) — > [1, oo) such that £(0) = 1 
and £(x) = x for x > 2, 

• an increasing sequence {^ n }^ =1 C C^(fi) such that lim^oo rj n (x) = 1 
for any fixed x G Q 

and put 



1 £(n|f-f'|) _ ' 

In h T(x, x ) 

2n n 



Clearly, 



(i) G n {-,x;iK) GC °°(O) 

(ii) Vx, x' G Q : G n (x,x; in) < G n+ i(x, x; in) 

(iii) 3 Ci > Vf, x G O, x x* '. \ V x G n (x, x; ik)\ < 1 



(iv) 3 C2, C3 > Vf,i G O, I of — x\ large enough : 

\G n (x,x';iK)\ + \V x G n {x,x* ;i«)| < c^e"^-^ 



14 



We use the common notation /i for m, dx. Take an arbitrary ip G L 2 (/j,) and 



G n (x, x ; iK)ip(x) dfi(x'). 



Each (p n G Wq' (fl) by definition. Furthermore, by the construction of the 
regularized Green's function, we have also y? n G C^fi). Next we have to 
estimate the Sobolev norm of (p n . In view of (iii) we have 



G n (x, x 1 ; iK)ijj(x') dfj,(x') 



dx 



V x G n (x, af ; in)ip(x') dfi(x') 



dx 



< 



Cl 



n \x - x 



—ijj(x') dfj,(x') 



dx < 



2, *Xj %J0 



—ip{x') dn(x') 



dx 



where ip in the last expression means the trivial extension from Q to M 2 - The 
integral was shown to be finite in the proof of Lemma 2.3 in ||. As for the 
non- derivative part we notice that Gq has a bound as a consequence of the 



fact that R™^ G Wq'\Q) C L a (Q). 

Summing the above considerations, we have demonstrated that {(p n } is a 
bounded sequence in the local Sobolev space Wq' (Q). Then we proceed as 
above: we construct Xn '■= ~ Sj=i an d use the diagonal trick to show that 
(a subsequence of) {Xn} converges strongly in Wq' 1 ^). By the property (ii) 
and monotone convergence theorem 

Vx Gfi: lim Xn (f) = ( J R-,^)(f), 



so Xn —> R^dx^ i n (^) as n — » oo. From the definition of I m , 

ImXn -> I m R% dx ^ in £ 2 (m) 

as n — » oo. Since I m Xn £ Co°(^) by construction, we conclude that I m Xn 
Xn holds m— a.e., and therefore 



R^dx^P m-a.e. 



This proves the desired relations for k purely imaginary. The result extends to 
any k G Cq by means of the Hilbert identity as in the proof of Lemma [2.2| . | 
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3.2 The resolvent comparison formula 

From the point of view of our model the formula in Lemma [3TT| (iii) still suffers 
from two defects. First of all, if we consider a semitransparent barrier whose 
coupling parameter is varied locally, it is natural to take H am with a constant 
but generally nonzero a as a comparison operator. Secondly, in analogy with 
the classical Birman-Schwinger theory it is useful to arrange the "potential" 
symmetrically with respect to the free resolvent in order to be able to use 
efficiently its decay properties. 

Let a be as above a Borel measurable function R — > R and cto G R; 
abusing the notation we shall employ the symbol «o also for the constant 
function R — > R, a (x) = a . By the preceding result, we have 

R k {ot ) = Rq - R m ^ dx {I + a R k lim ) 1 a Q R k dxm , 

so for any k G C^ <0 with k 2 G p{H aom ) H p{H am ): 

R k (a)-R k (a ) = R k m4x [(I + a R k m ^)- l a Q - (/ + aR^J^a] R^ m 

— Rm,dx(I + aR m,m)~ l [ a o(I + ®R m ,m) ~ Oi(I + O!o#m,m)] 

X (I + a -Rm,m) 1 R k dx,m 
= R^dxi 1 + aR m,m)~ l ( a 0-O!)(I + Oi Q R mm )~ l R^^ , (3.1) 

where in the second line we have used the fact that «o is a number and 
thus commutes with / + aR k nm . Next we compute traces of R k (ao). By 
Lemma we have 

(J + OLQR mm ) Rdx,m- 

On the other hand, (Rt >v )* maps L 2 {v) into L 2 {\i) and (!&„)* = R k v ^- In 
the same way as above, this yields 

R"m,dx (^o) R"m,dx{I > 

applying once more Lemma |3J] we get also 

We employ these relations to proceed with the calculation of the resolvent 
difference up to a sign change it equals 

^«te(oo)( J + a oR m ,J(I + OiR^ m )~ 1 {a-a )R k dx!m (a ) 
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and the central expression can be further rewritten as follows: 
(/ + a Rl >m )(I + aR k mm )-\a-a ) 

= [(I + UoR k m ,m + (<X-<Xo)Rm,m) ( J + ^R^J' 1 ]' 1 («"«o) 

= [I + (a-a )R^ m (a )] 1 (a-a ) 

= [1 + {a-a )R k mm {a )]~ 1 (a-a )v I + \a-a Q \^R^ m (ao)(a-a )^ 



x 



I + \a-a \2R k nm (a )(a-a )2 



\a — a \ 2 



[I + (a-a )R k m>m (a )] 1 [I + (a-a )R k m>m (a )] (a-a )* 



x 



I + \a-ao\ 2 R k nm (a )(a-a 



\a — ckq 



(a-cto) 2 I + |tt-tto| 2 -Rm m ( Q; o)(tt-Q;o) 2 



-1 



a — «o 2 



(3.3) 



We employ here the usual "square-root convention" of the Birman-Schwinger 
theory, (a — a )2 := \a — ao\ 2 sgn(a — a )- 

Notice finally that the obtained expression no longer contains R k . Using 
once again the Hilbert-identity trick, we can extend its validity to the set 
C^qo := {k '■ Im A; > or /c 2 G [0, inf a(H aom ))}. Summing up the above 
discussion, we get 

Theorem 3.2 Under the stated assumptions, the resolvent of H am can be 
expressed by means of that of the reference operator H aom as 

R k (a) = R k (a ) - R k ndx (a )(a-a )^ 



x 



1+ \a-a \i R (a ) (a-a ) 2 \a-a \ 2 R dx Ja ) 



for any k G C 



f2,ao ' 

Hence the original problem is equivalent to spectral analysis of the integral 
operator 

K k := \a-ao\v R k m ,m{^) (a-ao)* . (3.4) 

To be more specific we restrict ourselves to the situation which we shall 
discuss below and adopt the following assumptions: 



(al) a(-)-a e L 1+£ (R,dx) for some e > 0, 



17 



(a2) a(-)-a G L X (R, \x\ dx); 

notice that as a consequence of (al), (a2), the function belongs also to 
L l (R,dx). 

Corollary 3.3 Under the assumption (al), (a2) ; 

(i) K k is Hilbert- Schmidt for any k G Cq qo , 

(ii) / + K % £ has a bounded inverse on L 2 {m) for all k > large enough, 

(iii) VA; G C^ ao : dim Ker(H am - k 2 ) = dim Ker (/ + K k ) , 

(iv) Birman-Schwinger principle holds, 

e C^ ao : A: 2 G a disc (# Q ) ^-le a disc (K k ) . 

PROOF: The Hilbert-Schmidt property follows by an argument analogous 
to the estimate of Nq in Proposition |4.1| below, with the difference that the 



summation includes the first transverse mode too and y/u n — v\ is replaced 
by \/v n — k 2 . To prove (ii) one employs the analogue of ( |4.4| ) to infer that 
II^QT ilffs ^ as k ^ oo. 

To deal with the rest, notice first that it is sufficient to prove (iii), (iv) 
for functions a which are essentially bounded. Indeed, define «at(x) : = 
sgna(x) min{|a(x)|, N}. By absolute continuity of the Lebesgue integral 
the values of the quadratic form ( |2.2| ) related to «at converge to that of S am 
as iV — ► oo so H aNm — >■ H am in the strong resolvent sense by |L2|, Thm. 
VIII. 3. 6]. Hence the discrete spectrum of H am is approximated by that of 
Ha N m [0, Sec. VIII. 7] but the latter has a finite dimension bound uniformly 
w.r.t. iV as we shall show in Proposition |6.1| . 

Suppose therefore that \\a — cto||oo < oo. The operator / + has by (i) 
a purely discrete spectrum, every non-unit eigenvalue being of a finite multi- 
plicity. Consequently, if has the eigenvalue —1, the number k 2 belongs to 
the spectrum of H am with the same multiplicity. On the other hand, if there 
is no ip solving K^ip = —if), then (I + K^)' 1 is bounded, and so is R k (a), 
thus k 2 G p(H am ). | 



Remarks 3.4 (i) It is clear from ( |3.3| ) that there are other expressions of 
the resolvent, e.g., 

R k (a) = R k (a ) - R h m4x (a ) [I + {a-a )R k n)m {a )]~ 1 (a-a )R k dx<m (a ) . 

(3.5) 

The advantage of the fully symmetric form is that it allows an optimal use 
of the decay properties of a— qjq- For instance, in the weak-coupling analysis 



18 



of the next section the relation ( |3.5| ) would force us to restrict ourselves to 
the compact-support case. 

(ii) As usual the BS principle provides an information about the discrete 
spectrum. Whether eigenvalues embedded in the essential spectrum may 
exist in the present situation remains an interesting open problem. 



4 Weak coupling 

Now we shall apply the above general results to weak-coupling analysis of 
our model represented by the Hamiltonian H a defined in Section [2.1| (from 
now on we will omit the subscript m) which is considered as a perturbation 
of an H ao with a constant a . The spectral properties of the latter operator 
are found easily; the corresponding analysis was done in |S], Sec. 2.2] where 
the reader can find a detailed account. 

We have seen that the function a— a® plays the role of an effective poten- 
tial. To introduce a parameter controlling the perturbation, we replace it in 
this section by A (a — a ) with a small A. Without loss of generality, we may 
suppose that the parameter is positive. 

We shall concentrate on the case when the "leaky part" is localized in 
the sense that a(x)—ao decays fast enough as \x\ — ► oo. Using a variational 
argument we have shown in || that the discrete spectrum is then non-empty. 
For a small positive A there is a unique bound state; our aim here is to 
derive an asymptotic expansion of the corresponding eigenvalue. The method 
follows the standard argument for one-dimensional Schrodinger operators 
0, [L9| and its extension to waveguide systems || Thm. 4.2.]. We shall 



suppose in the following that the assumptions (al) and (a2) are valid. 
4.1 Preliminaries 

In the following we denote the ground-state eigenvalue of the weakly coupled 
Hamiltonian as k 2 and look for the function An+fc 2 . Since we are interested 
in the discrete spectrum, we consider the Green's function for k 2 < Vi(ao), the 
threshold of the essential spectrum given by the first transverse eigenvalue 
of the unperturbed system - cf. || Sec. 3]. 

K a (x,x';k) = \a(x)-a \^Y ^°' ,ao ^ 2 e- Knlx ~ x ' 1 (a(x')-a )^ , (4.1) 
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where K n := a/ ^ n («o) — k 2 and {Xn} is the family the corresponding trans- 
verse eigenfunctions of the unperturbed system. It is straightforward to check 
that liniA^o k 2 — fx, i.e., ni^O as A — > 0. 

The key idea of the following argument is that is well behaved in 
the limit k 2 — > v\ except for a divergent rank-one part. The singularity is 
contained in the first term of the expansion (|4.1| ) and can be singled out by 
taking (as in) K\ = Q a + P a = Q a + A a + N a in analogy with || ||, where 

QJx,x') = \a(x)-a \^e-^ IXl( ° )|2 e~ K ^ (a(x')-a )* 

A a {x,x') = \a{x)-ato\* ^ Xl ^ e~^ x \> sinh k 1 \x\ < {a{x')-a )? (4.2) 



CO 



N a (x,x') = | a ^)-a |l^l^^ e -^-'l( a ( x ')_ ao )l. 



n=2 



2,K r 



\> 



We have introduced here \x\ < := max {0, min{|x|, \x'\} sgn(a;a; / )} and |x| 
max{|x|, \x'\}; for the sake of brevity we drop «o from the argument of Xn- 
Defining 

A (x,x') := \a(x)-a \* |xi(0)| 2 |x|< (a(x')-a )? 
with (3 > 0, we get 

Proposition 4.1 Let the assumptions (al) ; (a2) be valid, then 

lim \\A a - A \\ HS = and lim \\N a - N^\\ HS = . (4.3) 



PROOF: A is Hilbert-Schmidt since 

II^oIIhs = / \A (x,x')\ 2 dxdx' 

J R 2 



|Xi(0)| 4 / \a(x) — Qfo| |a;|< \a(x') — a \ dx dx' 



< | Xi (0) | 4 |x| |a(:c) — a \ dx^j < oo 
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by assumption. We have \im Kl ^ Q A a — an d \A a (x , x' ; Ki)\ < \A Q (x,x')\. 
This allows us to use the dominated convergence theorem which yields im- 
mediately the first claim. 

Nq has a logarithmic singularity as x' —>■ x. Nevertheless, its Hilbert- 
Schmidt norm is finite because 



mis = E 



\Xn(0)Xm{0W 



x / |a(x)-a | e" ( v /I ^+^^)l— 'I \ a (x')-a \ dxdx', 



■2 



where the monotone convergence theorem justifies the interchange of summa- 
tion and integration, and by Holder inequality the integral can be estimated 
by 



\a — cuolli+e / dx\a(x) — ao 



e 

r\-l, 



oo 
oo 



_|_ gis/Vn-Vl + yJVm-V^X I / e ~( £ ') ( V^n ~ V\ +\/Vm ~ V\ )x' ^ 



X 



2(e') £ ||q!-q;o||i+ £ ||q!-Q!o||i(V^ - v \ + V^m - v\) £ 



where e' is an abbreviation for > 0. The sequence {Xn(0)} is uniformly 
bounded. To see this one has to employ the explicit expression of the trans- 
verse eigenfunctions given by the relations (2.7) and (2.8) of ||. It implies 
the estimate Xn(0) 2 < 2hi(u)h 2 (u), where u := ^Jv^ and 

, . . \/u\smdju\ 
hj{u) ■ 



y/2djU — sin 2djU 

for j = 1, 2. These functions are bounded in (0, oo) because they are contin- 
uous inside the interval and the limits 

lim hj(u) = (2g^)~2 limsup hj(u) = (3/(2dj))~* 

u u — >oo 

are finite. Consequently, it is sufficient to check the convergence of 

Y V - (4.4) 
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m,n=2 



however, v n = o(n 1 ) as n — > oo - cf. || Lemma 2.2]. The assumptions of 
the dominated convergence theorem are fulfilled again because lim Kl ^ N a = 
N$ and |JV«(a;, x'; «i)| < |iV^(x, I 

We will also need the boundedness of v4 a and N a for complex 2; := K\. It 
follows from the above results, since it is easy to prove 

Lemma 4.2 (i) M z e C, Re 2 > 0, \z\ < f : |-4 a (^)| < |v4 | 

(ii) 3C,p>0 \/zEC,Rez> 0,\z\<y/u n - u x : |iV a (s)| < C|i\#| . 

4.2 Existence of the ground state 

Now we want to prove the following basic result: 

Theorem 4.3 Assume that the hypotheses (al) ; (a2) are valid. Then H a 
has at most one simple eigenvalue E{X) < V\ for small enough X, and this 
happens if and only if the equation 

«i = ~ |Xi(0)| 2 (e- Kl H (a-a )K (I + XP^ 1 e~*M |«-« |* ) (4.5) 
for K\ := \fv\ — E has a positive solution. 

PROOF: It is clear from the proof of Proposition [4. 1| that ||P a || < ||A)||i/s + 
II -Wo I Ins < 00, thus ||AP Q || < 1 holds for sufficiently small A. Then I + XP a 
is invertible and we may write 

(/ + A^)- 1 =[/+(/+ XP a )- l XQ a ] 1 (I + XP a )-\ 

It follows that XK a has eigenvalue —1 if and only if the same is true for 
(I + XP a )~ 1 XQ a . Since Q a is a rank-one operator by ( |4.2|) , we can express 
it as (I + XP a )~ 1 XQ a = (ip, ■) cp with tfj := A ^f - e~ K ^ («(■) - a )^ and 

if := (I + XPa)^ 1 e _Kl ''' — qj | 5 ; h has just one eigenvalue, namely (ip,(f). 
Putting it equal to —1 we get the condition ([4.51). 

This proves the theorem except for the assertion that ( |4.5| ) has at most 
one positive solution for A small and fixed. Since there is a one-to-one corre- 
spondence between eigenvalues of H a and solutions of ( |4.5|) and the number 
of eigenvalue cannot decrease after the replacement a — «o >— > —\cx — cxo\, we 
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need only show that (|4.5| ) has at most one solution when a — a < 0. In this 
case, ( |4.5| ) is equivalent to z = G(z, A) where 

G{z, A) := ^ | Xl (0)| 2 ( e ~*H \a-a \K (I + AP,)" 1 e- 2 H \a-a \^ ) . (4.6) 

To complete the proof, we need several lemmas. The symbols C, Cj in 
the following are unspecified constants. 



Lemma 4.4 If a — a® ^ 0, then \z\ < CiA /ioWs /or A small. 



PROOF: From (|4.6|) we see that any solution of z = G(z, A) for A small 
must obey z = ||xi(0)| 2 L \a(x) — (Xq\ dx + C(A 2 ), which yields the assertion 
provided a — «o is not identically zero. | 

Lemma 4.5 For sufficiently small z, ||^^|| < C2M ~ l . 

PROOF: Let us choose a circular contour, (p : s — z{l + e 2 *), t G [0, 27r). 
The operator-valued fuction P a (-) is real-analytic in the region Rez > and 
has a bounded limit as z — > 0+. Hence Cauchy integral formula together 
with Lemma E7| gives 



dP a 




1 f 2n P a {s)iz e u dt 


dz 




2ni J z 2 e 2tt 



< 



V2\A \ 


+ C\Ng\ 




\z 





but Aq, Nq have finite HS norms. 



Lemma 4.6 For any z G R. i/iere zs C 3 > suc/i £/iat /or a// z G [0, 2 ] 

- '-> i i 
a — «o | 2 , 2 | • | + 



6*2 



a — «o | 2 



PROOF: An explicit calculation shows that the partial derivative is finite 
and remains bounded as z — > 0+. The other contribution to the scalar 
product is finite because of the assumption (a2). | 



Lemma 4.7 

3C 4 > : 



-z\-\ 



a — «o| 2 j 



IP 4- P 



-41 u_ 



< 



a, 
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PROOF: Since xe x < e 1 for any x > 0, using Schwarz inequality we infer 



that the expression is bounded by e 1 1 



\ a ~ a o\\l \\Pa\\HS- 



Now we are able to complete the proof. Using the elementary inequality 
(I + XPa)^ 1 < C5 (1 — AP Q ) valid for small A together with the preceding 
lemmas we get for < C\X~ l and all sufficiently small A: 



dG 



dz 



< CX. 



Suppose that zi, z 2 are two solutions of the equation z = G(z, A). They have 
to fulfill 



f Z2 dG , 




rZ2 


dG 


dz 




< 








J zi 


dz 



< C\\z\ — z-i\ 



hence the uniqueness is ensured for A < C 



-i 



4.3 Weak-coupling expansion 

The results of the previous section make it possible to derive a necessary and 
sufficient condition for existence of a weakly coupled state, and also to write 
an expansion of the bound-state energy. 

Theorem 4.8 Assume (al), (a2) and a — ^ 0. Then the operator H a 
has an eigenvalue E(X) < V\ for all sufficiently small X > if and only if 
f (a(x) — cto) dx < 0. In such a case, the eigenvalue is unique, simple, and 
obeys 

>M - E(X) = -^|xi(0)| 2 / (a{x)-a )dx 

< | Xi (0) 1 4 / (a(x)—a )\x — x / \(a(x / )—a )dxdx' 

4 I Vn»2 

-|xi 



(°)| 2 /] IXn(0)| 2 / (a(x)-a ) (a(x) -a ) dx dx' \ 

+C(A 3 ) . (4.7) 



PROOF: Using the implicit-function theorem we can check that ( |4.5| ) has 
a unique solution for small A, and that it is given by fl4.7|). It remains to 
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prove that such a solution is strictly positive. This is clearly true for small 
enough A if J(a(x) — a )dx < 0. If the integral is zero, we have to check 
that the quadratic term is positive, which can be done by using the Fourier 
transformation in the same way as in || Thm. 4.2]. | 

5 Narrow-window coupling 

5.1 Motivation: squeezing the "leaky" part 

If the effective potential is attractive, f(a(x) — a ) dx < the formula ( |4.7| ) 
can be rephrased as 

E(X) = u^ao) - c\ 2 + 0{X 3 ) , c:= lxi ^° )|4 (^J (a(x)-a )dx^J .(5.1) 

Hence the asymptotic behaviour is similar to that of [f|, Thm. 1.2.] where a 
straight Dirichlet strip with a small protrusion is considered. 

However, the supremum norm is not the only mean by which the pertur- 
bation weakness can be controlled. To see that recall the example [|§ of a 
double waveguide separated by a Dirichlet barrier with a window of a width 
£. It is very different from the situation considered above, since the Dirich- 
let condition corresponds formally to cto = oo. Nevertheless, it has a weakly 
coupled state if the window is narrow, I <C d, where d := max{di, d^}- It 
was conjectured in || that 

E{i) = (£) 2 - c W 4 + ^ 5 )> ( 5 - 2 ) 

where the parameter v describes the waveguide asymmetry, 

minjc?!, d 2 } 
max{d\, d 2 } 

In [0] the conjecture was supported by proving two-sided bounds by multi- 
ples of £ 4 for the energy gap. Recently Popov |15| proved that the formula 
(|5.2j ) is valid with 



V = 1 

(5.3) 

v < 1 
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where d + := max{di, o^}- Recall that a similar quartic behaviour is known 



from waveguides with a critical local deformation |TT[ as well as for slightly 
bent or broken tubes |6| where the leading term in the energy gap is 
proportional to the fourth power of the bending angle. 

While our method does not allow us to include the case of a Dirichlet 
barrier, since such a boundary condition changes the form domain of the 
Hamiltonian, it is useful to investigate in our setting the situation when 
the weak-coupling limit consists of squeezing the "leaky" part while keeping 
II d— ao || oo fixed. We will achieve that by by introducing a longitudinal scaling 
of the coupling function, 

a a (x) := a (^j , (5.4) 

with the scaling parameter a G (0, 1] and considering the limit a — > 0+. 

The argument proceeds in a similar way as above. The main tool is 
again Corrolary |3.3| (iv) which is not affected by the scaling. However, as Re- 
mark |5.7| (i) below shows, one cannot apply now the implicit-function theo- 
rem to derive an expansion for Ki analogous to (|4.7|) . To avoid this difficulty, 
we employ the simpler decomposition ( |5T5| ) inspired by [[L9|. It requires a 
stronger decay, namely 

(a2') a(-)-a G ^(R, \x\ 2 dx) . 

Let us show how the above results look like in the changed setting. 
5.2 Modified lemmas 

First note that lim cr _ +0 + k 2 = v\, i.e., k\—> as a — >• 0+. We put 

K k aa = L aa + P aa = L aa + M aa + N aa (5.5) 
where the kernels are given by 

T I l\ I ( \ \\ IXl( )! 2 ( I l\ \i 

L aa (x,x) = \a a {x)-a 2 — (a CT (x)-a ) 2 

M a „(x,x') = l^^-aol' ^(e- Kl1 " '\ - I) {a c {x')-a^ (5.6) 
N a „(x,x') = |a CT (x)-ao|^^^e- K "l^'l( a(7 (x')-a )i. 

n=2 
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Next we define 

M 0cr (x,x') := — \cttr(x) — a | 5 -^t~~ \x — x'\ (a cr (x') — a ] 



2 



(5.7) 



N oA x ' x ') '■= \aa(x)-a \i > — ^- - (ggfoO-acO 3 



n=2 



In analogy with Proposition |4.1| we have 

Proposition 5.1 Let the assumptions (al), (a2') 6e va/id, £/ien 

lim ||M Qct - M 0(T || HS = and lim || N a<r - \\ HS = . (5.8) 

PROOF: One has to check the first assertion, because the second one in 



Proposition |4.1| does not change. The operator Mo CT is Hilbert-Schmidt, 
lxi(0)| 4 f 

\\M \\ 2 HS < a 4 / | a (a;) — a \ (|x| 2 + |x'| 2 ) \a(x') — a \ dxdx' < <x>. 



Since \im Kl ^ M aiy = M 0(T and \M aa (x, x'; Kx)\ < \Mo a (x, x')\, the result fol- 
lows by means of the dominated convergence theorem. | 

It is easy to check that the norms of the operators M aa , N aa can be made 
arbitrarily small by choosing a small enough, because 

\\M aa \\ 2 HS <K l( T* and \\N a J 2 HS < K 2 a . (5.9) 

Lemma |4.2j remains valid without any changes. Since its first claim is ob- 
tained by an algebraic manipulation, it holds for the operator M a<y as well. 
Finally, it is easy to see that Lemmas 4.4- f4.6| modify as follows: 

Lemma 5.2 If a — ao ^ 0, then |^| _1 < C\o~ x for a small. 



Lemma 5.3 For sufficiently small z, 

dP ac 
dz 



\z\ 
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Lemma 5.4 



V^o ER 3C 3 >0 \/z E [0, Zq] 



-a \ 



dP 

dz 



\a„ 



■a \ 



<C 3 a 2 



PROOF: Here one has only to show that dM aa /dz remains bounded as 
z — ► 0+ but this is clear from an elementary inequality, 1 — e~ x — xe~ x < x 2 



for any x > 0. The rest of the argument follows the proof of Lemma |4.6| with 



the rescaled integration variables, 



a(x, x'). 



5.3 The results for the scaled case 

With these preliminaries we can now formulate and prove a counterpart of 
Theorem V 



Theorem 5.5 Let the assumptions (al) ; (a2') be valid. Then H a<j has for a 
small enough at most one simple eigenvalue E(a) < V\, and this happens if 
and only if 

y/vi-E = k x = ((a ff -<*„)*, (I + P^K-aofi) (5.10) 

has a solution K\ > 0. 



PROOF: We mimick the proof of Theorem 4~3 , Since ||-PaJ| < 1 holds for 
small enough a, we may write 

(I + K*X X =V+(!+ PoX 1 ^] _1 (/ + Pa.)' 1 - 

The operator (J + P aa )~~ l L aa has just one eigenvalue (ip, <p) with 

/ lxi(0)| 2 , / \ a 
ip := — (<*„(•) - a ) 2 

if := (I + PaX 1 \ a <r{-) - «o|^ • 

Putting it equal to —1 we get the implicit equation (|5.10|) . As above, we can 
introduce 

G{z,a) : = 1*1221! (\a a -a \K{I + PaX'K-aofi) (5.11) 
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and derive the estimate 



dG 



dz 



<Ca 2 



which means that the uniqueness is now ensured for o < C 1 / 2 . | 

The bound-state criterion and the asymptotic expansion with respect to 
the scaling parameter a look now as follows: 

Theorem 5.6 Let a satisfy the assumptions (al) ; (a2') and a — a ^ 0- 

Then H a<j has an eigenvalue E(o~) < V\ for all o small enough if and only if 
f R (a(x) — a ) dx < 0. If this condition holds, then the eigenvalue is unique, 
simple, and obeys 



Vi - E{a) = -^|xi(0)| 2 / (a(x)-a )dx 



+ XlXl(0)| 2 ^|Xn 
n=2 



(a(x) — a ) 



-<Jy/v n -v\\x-x'\ 



+0(a 3 ). 
Proof: Writing 

(I + Pc 



-i 



I - Pi, - (Pa. - Pi.) + FLV + Pa. 



(a(x) — a ) dx dx' 
(5.12) 

(5.13) 



we see that ( |5.10| ) has a unique solution for a small which is given by ( p,12| ). 
It is only important at that to notice that although a does enter the expan- 
sion ( |5.13| ) explicitly, it appears after inserting ( [5.1 3| ) into ( |5.10| ) because of 
the integration. This is also why we know that the last term in Q5.13 ) does 
not contribute to the leading term in ( |5.12| ).) The rest of the proof concern- 
ing the strict positivity of such a solution proceeds in exactly the same way 
as in Theorem 



Remarks 5.7 (i) We cannot expand the exponential in the quadratic term 
of ( |5 . 1 2 ) because the sum may not converge. 

(ii) Notice that owing to (p.9|), the expansion ( J5.12Q does not contain the 
term arising from Mo CT . This is a substantial difference from the analogous 
expansion (|4.7|). 

( Hi ) In order to be able to compare the present case with the pierced Dirichlet 
barrier mentioned in the opening of this section, one should perform the limit 
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«o — > oo assuming that a = holds on a small compact. We observe that 
Xn(0) decays like 0(a^ x ) as a — > oo, so the first term in (|5.12|) vanishes 
after the limit. To get the behaviour ( |5.2| ) one would need to interchange the 
limit with the summation in the next term; it is not clear whether this can 
be done. 



6 A bound on the number of eigenvalues 
6.1 A general SKN-type bound 

It is known that while a naive application of the Birman-Schwinger technique 
fails to yield an estimate on the bound state number in dimensions one 



and two, a simple trick invented independently by Seto Klaus JT3 



and Newton [ITJJ] does the job. In this section we apply the idea to the 
measure-induced interaction in a strip to get an upper bound for the number 
of eigenvalues of our Hamiltonian below the essential spectrum a ess (H a ) = 
[v\ (cko) > oo) . The argument follows closely the considerations of || Sec. 3], 
hence we put emphasis again on the modifications. Hereafter, we assume 
(al), (a2') because we shall employ the simpler decomposition ( |5.5|) to single 
out the singularity in the kernel of of K*. 

We denote by 7 the negative part of a — aco, i.e., 7 := max{0, — (a— «o)}, 
and put 

MA) := inf{£ (ao „ A7)m (V^) I ^ e W*'\{1), (Ml = 1} 
H n {\) := sup inf { £ (ao _ A7 ) m (V>, V) | V G W^ity, ||V>|| = 1, 

,..^r2/n\ 

(ip,(pj) = 0, j = 1, . ..,n-l 



vjj-ei 2 (n) 



for any A G [0, 1) and all n G N\{0}. We recall that the measure 7m is finite 
by assumption and belongs to the generalized Kato class (cf. Section |2TT|) . 

In analogy with |3], Lemma 3.3.] we find that A 1— ► fi n (X) is a non- 
increasing continuous function on [0,1) and /x n (0) = ^i(ao) for all n G N- 
Mimicking further the second part of the proof of Proposition |4.1| one can 
show that K™_ x is compact for k large enough, since it has a finite Hilbert- 
Schmidt norm. It is useful to introduce the standard family of Schatten 
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I If I 



for all 1 < p < oo, where {sj(K)}j & j is the family of eigenvalues of \K\; each 
eigenvalue is counted according to its multiplicity as an eigenvalue of \K\. 
We denote by Ne the number of eigenvalues (counting multiplicity) of H a 
which are smaller than E, and by j^A the cardinality of the set A. 

The crux of the BS method is the recognition that the number Ne is equal 
to the number of eigenvalues of if^ that are not less than 1. It immediately 
follows from the form version of the minimax principle that Ne < N^, the 
number of eigenvalues (counting multiplicity) of H ao _ 1 smaller than E. In 
analogy with [|3], Thm. 3.3.] we therefore have 



Proposition 6.1 N E < #{j G J\s j {K^_ 1 ) > 1} holds for E < vx(a Q ). In 
particular, we have N E < ll^n^Jlp for any 1 < p < oo. 



This is the naive application mentioned above. It is not satisfactory 
in our situation, since the corresponding Green's function in diverges 
for k 2 — > vi(olq) - cf. ( |4.1| ). The SKN-trick is based on the observation 
that this singularity does not depend effectively on the spectral parameter 
and corresponds therefore to just one bound state which can be taken into 
account separately. 

Theorem 6.2 Suppose that \\^\\\ ^ 0. Then the number N vx ( ao ) of eigen- 
values (counting multiplicity) below the threshold of the essential spectrum of 
H a satisfies the bound 

Nu^) ~ 1 < 

|*i< 



\X\ — X2\ \X\ — X2 



4||7ll? 

4 

+ |x 3 - x 4 | - \xi - x 3 \ - \x 2 - x±\ J J^7(xj) dxi 



i=l 



4 ll7ll? £^ =2 V"m ~ V~\\fVn - V\ 7 R 4 V 
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J re -\fyn-ui\x a ~x 4 \ _ e -^Jv n -v\\xx-xz\ _ e ~y/u n -vi\x2~x A \\ JT 'y(xj) dx 



1=1 



Xi(0)l 2 ^ |x„(0)| : 



2||7lll £^ V^n - ^ 1 



xi — X2 e 



-Vn-^ll^l-^l 



n=2 

_|_g—V I '»— "ll^S— a>4| _ g— v/i^nF^T] 1 _ e ~V / n-i^l\x 2 -X4\ 



Proof: It is an obvious modification of the proofs in fl4| . Borrowing the 
notation from this article and taking (|5.5| ), ( |5.6|) into account, we can write 



oq—7 



1X1(0)1 



2k ^II7||i> <P = 7 1/2 /ll7lli 1/2 , and P Qo _ 7 = M Q0 _ 7 + N ao ^ . We 



with £ - 

use the inequality obtained in |b|, pp. 123] for £ — > 00, 



iV 



(ao) 



< 1 + tr P 2 - 2(y>, P V) + fa, P)<^ 



and substitute Po = Md + where M , Nq are given by (|5.7|) ; this leads to 
the desired result. | 



6.2 A "rectangular well" example 

To illustrate the above result let us apply it to the example analyzed in 
Sec. 4] in which a is a steplike function: 



at(x) 



«i if \x\ < a 
ao if \x\ > a 



for some real a\ < ao- Under the last condition the waveguide has a non- 
trivial discrete spectrum. Since 7 := ao — a\ is a constant on its support, we 
can evaluate the integrals of Theorem |6.2| obtaining 



iV, lK) <l + -|xi(0)| 4 7V 

+ TV y |x m (0)Xn(0)| 2 [ 2 | 4 1 - e -2«(s™+«n) 
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(1 _ e _2aSm )(l - e~ 2akn ) 4 [k m (l - e - 2akn ) + k n (l - e ~ 2akm )\ 



2 [«^(1 - e~ 2aRn ) - Rl(l - e ~ 2aiim )] | 2(1 - e - 2a ^ m )(l - e~ 2ak \ 



a \K m ri n ) [K-rri K n) a ^m^n 

Xn(0)|V 2 2 l-e" 2aS " 



a 2 /t 2 3a 2 K 2 « 3 ^n 
+ ' ', , , ) (6-14) 



n=2 

j g— 2a/t 



where K n abbreviates \Jv n — v\. 

To assess this bound, compare it with the one following from a simple 
bracketing argument and the minimax principle || Sec. 4.1.] which reads 



7T 



(6.15) 



where [■] denotes the entire part. The r.h.s. is a "linearly increasing" step 
function with respect to the wi ndow halfwidth a. In distinction to ( |6.14|) , 



however, the bracketing argument yields in this example also a tight lower 
bound which differ just by one from (|6.15|) . The bound Q6.14Q is not only 
more complicated, but it increases much faster with a; the comparison il- 
lustrates once more that while the Birman-Schwinger method is efficient for 
weak coupling, it may provide results far from optimal for strongly coupled 
systems. 
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